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A. C. GROUPS: EXTENSIONS, MAXIMAL SUBGROUPS,

AND AUTOMORPHISMS

BY

KENNETH HICKIN

Abstract. In §1 we extend the results of [3] on centralizers to r.e. subgroups and

show, e.g., that every a.c. group has an (»-^-equivalent subgroup of the same power

which is embedded maximally in itself; and we pursue a natural typology of

maximal subgroups. §2 shows that if A is a countable group of automorphisms of a

countable a.c. group G such that A D Inn G, then there exists t e Aut G such that

the HNN extension (A, t: r'igr = r(g) for all g e Inn G) is a subgroup of Aut G.

We show in §3 that every a.c. group with a countable skeleton has a proper

extension to an a.c. group having any skeleton that contains the original one and any

f.g. group which contains the countable a.c. group equivalent to the original one as

an r.e. subset. This uses Ziegler's construction [7]. Finally, in §4, also using Ziegler's

construction we show that there exists an a.c. group A of any power and having any

countable skeleton which has a free subgroup M such that for all x s A - M and

y e A there exist free generators a, b, c e M such that y = (ax)h(ax)c.

1. Centralizers and maximal subgroups. First we will review some facts all of which

will be generalized presently. In general we will assume familiarity with such basic

properties of a.c. groups as can be found in [4, Chapter IV, §8].

Let G be a nontrivial a.c. group. In [3, Lemma 1] it was proved that

If Ax,... ,An c G are finitely generated (f.g.), then

VG(Axn ■■■nAn)=(VG(Ax),...,Vc(AN));

and from this was deduced [3, Theorem 3]

,     . If A C G is finite and VC(A) c T c G, then ^G(A0) c T c

^(¡(Aq) for some A0 c A.

C^G andJfG denote the centralizer and normalizer in G.) From (1.1) was deduced

,     v If S c G is finite and characteristically simple, then ¿VG(S) is

maximal in G.

Proof of (1.2). N = J^G(S) c T c G implies by (1.1) that ^(Sq) c T c jVg(S0)

for some S0 c S. Hence A' c ¿VG(S0), which implies that 50 is characteristic in S

since every automorphism of S is induced by some element of G, and the two

possibilities S0 = 1 and T = G or S0 = S and T = N follow.    D
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This matter was pursued no further in [3]. However, (1.1) easily implies the

existence of other maximal subgroups as well.

If G is an a.c. group, A c B c G are finite, A is maximal in B

(1.3) and the identity is the only automorphism of B which induces

the identity on A, then ^(B) is maximal in ^G(A).

Proof of (1.3). Suppose ^G(B) c T c %G(A). From (1.1) we have ^G(A0) c T

c jVg(Aq) for some A0 c B. Thus ^G(A0) c <£G(A) which implies /I c A0 since G

is a.c. Thus either A0 = A ot A0 = B. If A0 = A, then T = tfG(A) is immediate; if

A0 = B, then T c #c(/l) n>^(fi) which implies (using the last hypothesis) that

Ta ^G(B) and equality follows.   D

Let Sk(G) = skeleton of G be the class of f.g. subgroups of G. If a.c. groups have

the same skeleton we will say they are equivalent. In (1.3), if A and B are centerless,

then ^G(A) and #C(B) are equivalent to G, and if G is countable, then ^G(B) c

^G(A) is a maximal embedding of G into itself since any two equivalent countable

a.c. groups are isomorphic. In particular it suffices to take A = Sym(n — 1) and

B = Sym(w) to obtain such an embedding. Most maximal embeddings (1.3) are

structurally very different from those obtained in (1.2) because:

Suppose M c N, where M = <gG(B) and N = ^G(A) is a

(1.4) maximal embedding of (1.3) and B # A^G(A). Then, for all

f.g. Z)c/Vwe have VN(D) <£ M.

Proof of (1.4). Suppose D c ^C(A) is f.g. We have DA * (D, B) c G since

B ¥= A^B(A). Hence, since G is a.c, there exists t g <&c(DA) - <ëc(B), i.e., t g
<#N(D)-M.    D

(1.5) Definition. If M is a maximal subgroup of an a.c. group G, then

(i) M is of Type 1 if 1fG(A) c M for some f.g. /(cM;

(ii) M is of Type 2 if ifc(/l) £ M for all f.g. A c M.

Note that (1.4) implies that the maximal embeddings of (1.3), provided B # A ffi

Z2, are of the second type; while (1.2) gives natural examples of the first type.

Among other things we hope to show that (1.5) is an interesting classification.

(1.6) Proposition. Suppose G is an a.c. group, M a G is maximal and A c M is

f.g. Then, <&G(A)<t M if and only if

(1.7) There exist xx,...,xn g M such that Ax> n  • • • n Ax- = 1.

Proof. (<= ) If VC(A) c A/ and (1.7) holds, then Vg(Axj) C M, 1 <j < n, and so

(1.0) would imply A/ z> ̂ c(/lx' D • • • n /!*») = G.

( => ) Since A X A is embeddable in G [3, Proposition 3] and one direct factor can

be conjugated to another in G, there exists x g G such that A (~) Ax = 1. Choose

y G ^(^4) - M. Since A/ is maximal in G, x e (A/, v); say x = w, v*1 • • • mnyk"

with w, G M. Put x,"1 = mx ■ ■ ■ m¡, 1 «s í < «. We claim that / = A n yl*1 fl

• ■ - n /4X" = 1. To check this, suppose 1 ¥= a e A. If all the conjugates

a"'1,... ,am' "m" lie in A, then a* G /I also since v centralizes^. Thus some ax' G ¿4

and hence a G /, proving 7=1.    D
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The interesting feature of (1.6) is that it shows that the isomorphism-type of M

determines whether M is of Type 1 or of Type 2. In particular a Type 1 maximal M

has a f.g. subgroup A such that

(1.8) Every finite set of conjugates of A in M intersects nontrivially.

These are precisely the f.g. A c M for which ^c(^4) c M; and if Ax,...,An are

finitely many such A, then AXC\  ■ ■ ■ n An also satisfies (1.8) (in place of A) by (1.0).

We will postpone a detailed discussion of this situation until after the main

theorems of this section.

The following result was also proved in [3, Theorem 4]:

Suppose Ax,...,An  are  f.g.,  Ax n  ■ ■ • C\ An  is  finite  and

91, c Aut(^,) (1 «S ( < n). Let K be the largest subgroup of A

(L9) invariant   under   9^ U   • • • U 9t„.   Then   ^Tc<a'."">(.£)

= (^'(^1),...,^6?-(^J) -/, where.<V) =

(g g G|g induces an 9t-automorphism on A by conjugation}.

Proof of (1.9). Put B = Ax n ■ ■ ■ h A„. Since 1 g 9í„ we have ^G(A¡)c

•^cä'(^i) an<l hence by (1.0) ^G(B) c /. Since 5 is finite, (1.1) implies that for some

50c5we have

(1.10) VG(BQ)czJcz^G(B0).

The second inclusion in (1.10) implies B0 c K since B0 is evidently (9t, U • • • U

91 n )-invariant. The first inclusion in (1.10) implies K c B0 because otherwise, since G

is a.c, there would be elements in ^G(BQ) which did not normalize K and hence

could not lie in J. Hence J = ¿VG(K) for some 9Í c Aui(.ty ) and we clearly have

Regretfully, in [3] this proof of Theorem 4 from Theorem 3 was not given. Instead,

an overly complicated direct proof of Theorem 4 was given, when in fact Theorem 3

can be proved very pleasantly (see (1.13)). This carelessness was fully the fault of the

present author. At any rate, all of these results will now be generalized to r.e.

subgroups.

(1.11) Definition. A subset S c G is enumeration reducible (e.r.) in G if there

exists A = (xx,... ,xn) c G such that S ÇZ A and S equals a set of words X(S) on

{xx,.. .,xn) which is enumeration reducible to the set W(A) of all relations on

{xx,.. .,xn} which are trivial in A. Put r0(G) = {S ç G\S is e.r. in G} and

r(G) = {H G r0(G)\H is a subgroup of G}. The relation of enumeration reducibility

between (coded) sets of natural numbers is < e.

(1.12) Proposition. If Sx, S2 g r0(G), then Sx D 52 g r0(G). Hence r(G) is a

sublattice of the subgroup lattice of G.

Proof. Let 5, ç Ai and X(S¡) (i = 1,2) be as given in (1.11). Let A = (xx,...,xn)

c G, where {xx,.. .,xn} is the union of the generating sets of Ax and A2. Thus

X(s,) < e W(A¡) and S¡ = X(S,) ç A, as this is the content of (1.11). Put T = Sx C\ S2

and T* = the set of all words on {*,,.. .,x„} which lie in T ç ^. Thus T g r0(G)

will follow if we prove that T* ^e W(A). Suppose we have an enumeration of
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W(A). Since X(Sj) <e W(A) we also have enumerations of X(S¡) = S¡ Q A. As we

enumerate these sets we can list, as we find them, all words w = wxw2l g W(â),

where w¡ G X(S¡). As we find a w as above we add the words wx = w2 to our list of

T*. We also include in our list of T*, as we find them, all words in xx,...,xn which

equal any member of T* that we have previously listed. Hence T g r0(G). An easier

similar proof shows that r(G) contains the join of any two of its members. D

For reference we now state the

General Higman Embedding Theorem (C. F. Miller III (unpublished) and

M. Ziegler [8]). Suppose the group K has a presentation (X, tn (n G «): W(A) U R),

where X is a finite generating set of the group A, R < e W(A), and the relations R are

consistent over A ( and may involve t 's and x 's ). Then K is a subgroup of a f. g. group

H which has a similar presentation (X, sx,.. .,sm: W(A)UF), where F is finite;

furthermore, [tn\n & u) is a recursive subset of H.

The proof of this is an application of the standard Higman Embedding Theorem

using the definition of the enumeration-reducibility relation in terms of r.e. sets [6, p.

146] and Neumann-type relations.

We extend (1.0) to

(1.13) Theorem. If Ax,...,An g r(G) and G is a.c, then (êG(Ax n ■ ■ ■ n An) =

(VG(AX),...,VG(A„)).

Proof. Put A = Ax n • • • n An and B = (Ax,... ,An). Let/7 = the HNN exten-

sion (B, tx,... ,tn; t¡ centralizes A¡). An easy argument using Britton's lemma shows

that if v - (rx • ■ • tn)2, then H o (B, v) s the HNN extension (B, v; v~lav = a

(a g A)). Let x g ^C(A) with \x\ = oo and (x) C\ B = 1. Let P have the presenta-

tion ((B, x), yx, y2; yx and y2 centralize A and x = yxy2). Thus P =

(B, x)* (x-ny )j&a (^ ® (^i) * (>,2>)- % considering reduced products in P, it is

easily checked that P 3 (B, y¡) = the HNN extension (b, y¡; y,~layj = a (a g A))

for i = 1 and 2. So we can amalgamate P with two copies of H, H' and H", via the

relatins a, = a\ = a" (a g A¡, 1 < i < n), v' = yx, and v" = y2. This shows the

relations p = {i,'and i," centralized, and x = v'v") to be consistent over (B, x) c G.

Since .4, G r(G) we can obtain, via the General Higman Embedding Theorem,

finitely many relations over a f.g. subgroup of G which imply p. Hence x g

C^G(AX),..., ^G(An)). To complete the proof we must show that ^G(A) is gener-

ated by elements x as above. Let c g ^(A). Since B is contained in a f.g. subgroup

of G, (B, c) © (z) c G for some z of infinite order and z and c + z satisfy the

requirements for x above.   □

For later use we will observe that we have also proved

,     If w g ^c(/4), there exist elements tiJ where 1 <j < 4, 1 < í ^ «

(  •    }    such that tu g VG(At) and w = n;.^?^ • • • tnj)2.

This is so because in our proof we have w = xxx2 where each x = v'v" and each v

has the form (/, • • • r„)2.
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Now we can generalize Theorem 3 of [3] (and (1.1)) to

(1.15) Theorem. Suppose G is an a.c. group, A c B with A, B G r(G) and the

subgroup lattice &(A, B) = [H\H = Bx> n • • • n Bx» n B (xx,...,x„ G JTG(A)))

satisfies MIN. Then, for all T such that (6G(B)a Ta J/~G(A), there exists B0 g

Sf(A, B) such that %G(B0) a Ta jVg(Bq).

Note that B g r(G) implies if (,4, B) a r(G) by (1.12); and if A' G &(A, B), then

Sf(A, X)a<e(A,B).

Proof. Induct on XaJC(A,B) to prove that (€G(X)a T a jVg(A) implies

^G(B0) a T a jVg(B0) for some B0 g <£(A, X). Note that the case X = A is trivial.

Let Y g if (A, B) and assume the result for all X g £C(A, Y) with X * Y. Suppose

%C(Y) c T c JfG(A\ If T c ^TG(T) we take £0 = F and are done. So assume there

exists x g T - JTC(Y). Put Y0 = Y D Yx. Thus y0 g &(A, Y) since x g T a

JTG(A), and F0 * y since if (/I, Y) has MIN. We have T z> <<<?c(7), ̂C(7X)> =

^G(Y0) by (1.13). Now, by our inductive hypothesis, there exists B0 Gif(,4, Y0)

such that ^(Äq) c T a ^VG(B0) as required.    D

The desired generalization of (1.3) is

(1.16) Theorem. Suppose G is an a.c. group, A a B a G with A, B g r(G), A is

maximal in B and the centralizer of A in Aut(Ti) is trivial. Then, ^G(B) is maximal in

VG(A).

Proof. This is the same as the proof of (1.3) using (1.13) in place of (l.l).To prove

that %>G(B) =t <&G(A)we use the General Higman Embedding Theorem.   D

We can also generalize Theorem 4 of [3] (and (1.9) above) as follows. If H c G,

define AutG(H) = JfG(H)/<€G(H) a AvX(H). Notice that if G is a.c. and H is f.g.,

thenAutc(//) = Aut(#).

(1.17) Theorem. Assume the hypotheses o/(1.15) and suppose B = BXC\ ■ ■ • n Bn,

where Bi G r(G) and 91, c Aut^i^) (1 < i < n) such that 91, normalizes A. Let

K G Sf(A, B) be the largest subgroup invariant under %x U   • • • U 91 „. Then

■"¿%.%">(K)=(^(Bx),...,^G«-(Bn)) = J.

Proof. Note that K is the intersection of conjugates of B in G by elements which

normalize A. Since Sf(A, B) has MIN, we indeed have K g £?(A, B). Now (1.15)

implies that H0 g =5f(^4, B) exists such that ^(Hq) a J a ^-(//0). Our conclusion

now follows exactly as in the proof of (1.9).    D

We are now in a position to prove

(1.18) Theorem. Suppose G is a nontrivial a.c. group of power k. Then G has an

equivalent a.c. subgroup M of power k which is embedded maximally in itself. In fact

there is a proper embedding <p(Af) < M such that for all y G M — <p(M) and z G M

there exist a¡, b¡ g <p(M) such that z = l\^=x(a^b¡)2.

Proof. Let n = the restricted symmetric group on a countable set /. Let II a A

be an embedding of n into a f.g., recursively presented group A such that n is a

recursive subgroup of A  (i.e.,  there is an algorithm which, given a restricted
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permutation on I, computes an element of A equal to it). Since G is a.c, using

Higman's Embedding Theorem, we can pass to an image Ä of A with U a Ä a G.

In particular n G r(G). If x g I let 11, be the stabilizer of [x] in n. It is well

known that Llx is maximal in n and since Aut(II) = Sym(7), the hypotheses of

(1.15) are satisfied and we conclude that ^(n) is maximal in ^G(L\X). It is well

known that these subgroups are a.c. and equivalent to G (cf. the identical construc-

tion in [7, §3]). Since n and Ylx are isomorphic by a recursive isomorphism, there is

an element of G which induces this isomorphism by conjugation, and so tfG(n.) and

^c(nx) are also conjugate in G, and hence isomorphic. Thus M = ^(IIJ is

embedded maximally in itself. To see that M has cardinal k we use Macintyre's

argument: since Ä X Ä is embeddable in G, (1.0) implies that ^(^4) together with

an isomorphic copy of itself generate all of G; hence it has cardinal k. To show that

the embedding satisfies the final property of our theorem, suppose y g ^(11^) -

^G{\1). Thus n n ny = Ux by maximality and the fact that y G ^G(U). Thus

^c(n.v) = <^c(n).^c(n)v> by Í1-13) and if 2 G A/ our conclusion now follows

from (1.14).    D

Before continuing the discussion of (1.5) we will give one further useful result on

centralizers.

(1.19) Theorem. Suppose G is an a.c. group and A, B g r(G) with A < B. Then

(ëG(A)aJ = (B'\t g VG(A)).

Proof. First we note that it will suffice to prove

.       . There exists w g J such that \w\ = oo and (w) © A exists in
(1.20)        G

This is because every c a ^G(A) is the product of two such w as above (see the

proof of (1.13)), and one such w can be conjugated to another by some t £ ^(A)

since A e r(G).

We will deduce (1.20) from

There  exists  t g ^G(A)  and  z g (B, B')   such  that  z <£
(1'21)        {A, 4'}.

Let us assume (1.21). Put D = (B, B') a G and let D be an isomorphic copy of D

over A, i.e., â = a for all a g A. Let P be the amalgamated free product

D* D.
(A,A:) = (A.A')

The subgroups (A, Az) and (A, A2) are identified by the restriction of d -» d

(d g D). Since z G (.4, A:) a D, we clearly have \z'lz\ = oo and (z~lz) © vl exists

in P. Since G is a.c. and A, B g /-(G), using the General Higman Embedding

Theorem, we obtain s g ^G(A) such that |z_1zJ| = oo and (z~lzs) © ,4 exists in G

and we put w = z"lzs to satisfy (1.20), noting that (D, Ds) a J.

All we need now is to establish (1.21).

Proof of (1.21). Let B be an isomorphic copy of B over A and let P = B *a B. Let

y G B - A. Noting thatylv n A = Ay C\A we claim that in P we have

(1.22) y-ty^(Ar,Ay).
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The reason for this is that since y G Ay we can choose left transversals T of A inB

and T of A in B such that T contains a transversal of Ay n A in Ay and v-1 G T;

while T contains a transversal of Ay C\A in ^4' and y~x g r. Then (1.22) follows

from the Normal Form Theorem for elements of P. Now conjugating (1.22) by v"1

gives

(1.23) yy-le{A,A?v~¡).

Since G is a.c. and A, B a r(G), again using the Higman Embedding Theorem, we

obtain a homomorphism <p: P -» G such that <p(6) = 6 for all b e B, (1.23) holds

with y replaced by <p(y) and there exists / g ^G(A) such that <p(b) = tlbt for all

b a B. Putting z = <p(y)y~l we have proved (1.21).   D

(1.24) Corollary. Suppose G is an a.c. group and A, B g r(G) with A a B. Let

K = f){A'\t g B) and suppose that SC(K, B) satisfies MIN. Then J = (B'\t e

VG(A)) = ^(K) where'31 = AutB(/i").

Proof. By (1.19) we have VG(A) a J. Note that K g r(G) since if(Ä\ B) has

MIN. Hence VG(B) aj a jVg(K) implies (by (1.15)) that VG(B0) aj a J^G(B0)

for some B0 a£?(K, B). The proof that B0 = K, etc., is identical to (1.9) after

noting that <£G(K) a J (using (1.13)).    D

The preprint [2], which was referred to in [3], will not be published in its original

form. This paper contains many results of [2] as well as more recent work. In [2] the

following characterization was obtained for Type 2 maximal subgroups of countable

a.c. groups (see (1.5)).

(1.25) Suppose G is a countable a.c group and M a G. Then G has a maximal

subgroup M = M such that, for all f.g. A a M, ^G(A) <t M if and only if for all f.g.

A a M and s <£ G - A, there exists x g M* (A, s) such that A n A" = 1. Fur-

thermore, whenever M exists as above, there are 2K° distinct such M satisfying

VG(A)£ M for all f.g. A a G.

Proof of "only if". For this direction we need not assume G to be countable.

Suppose M is a Type 2 maximal subgroup of G, A a M and r g G - A. Put

B = (A, r) a G. Then, for some t g <gG(A) we have B' G A/,'for otherwise ^G(A)

c M by (1.19), contrary to our hypothesis. Hence r' G M and WLOG we can

assume r G M. Thus G = (M, r) since M is maximal. Since A X A is embeddable in

G and one factor can be conjugated to the other there exists x g (M, r) such that

A n Ax = 1. Since (M, r) is a natural quotient of M * (A, r) = P, we also have

,4 n^4x=linP since the natural homomorphism is the identity on both factors.

Let (p: M -y M be an isomorphism and let (A, r) = (<v(A), s) by an isomor-

phism mapping r -» s and a -» tp(a) (a g /I). Thus P = M* (<p(A), s). If we

start with A a M, then we use <p_1(^4) c A/ in the above argument in place of A and

we get x g M *   (^, j) as desired.    D

We will not prove the reverse implication in (1.25) in this paper. In [2] this was

proved using a rather complicated series of amalgamations, but one could also use

small cancellation theory to construct a maximal embedding of M into G. This is
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easy to appreciate since the condition A C\ Ax = \ used iteratively is sufficient to

employ the small cancellation theory over amalgamated free products. It turned out,

after an additional technical lemma, that the amalgamation technique used in [2] to

prove (1.25) is also an alternative to small cancellation theory in the construction of

Jonsson groups. Thus, the proof of (1.25) rightfully belongs in a future paper which

will present a new construction of Jonsson groups together with other applications

of this method.

It is easy to see that every M which (1.25) asserts to be maximally embedded in G

satisfies (1.7) for all f.g. A a M (as we know it must because it is embedded as a

Type 2 maximal subgroup) because A © (y) a G for some y =£ 1, and hence M*

(A © (y)) has an element x such that A n A*' = 1, and the same argument used to

prove Proposition (1.6) establishes (1.7) here also. In general it seems quite impossi-

ble to prove that (1.7) for all f.g. A a M is sufficient to embed M maximally in G,

although for special cases, such as where M is locally finite, this is the case: a

countable locally finite group M # 1 is maximal in every countable a.c. group if and

only if M has no nontrivial finite normal subgroup.

The last statement in (1.25) follows from the construction of M alluded to above

(which is an inductive embedding procedure in which branchings can be made at

each step). The significance of the last condition in (1.25) will be clearer upon

comparison with (1.26). However, just the number of such embeddings provides a

curious contrast to many Type 1 maximal subgroups: if M = JfG(A), where A a G

is finite and characteristically simple and M = M is also maximal in G, then

evidently M = jVg(A) with A = A, whence there are only S0 such M; another

example (see [2, Proposition 1]) is M = {x G G|Z n Zx ¥= 1} where Z c G is

infinite cyclic—if M s M is maximal, then M = {x g G|Z n ZA # 1} where Z = Z

c M is infinite cyclic since (1.6) implies ^(Z) c M.

These observations invite a closer examination of Type 1 maximal subgroups. The

natural object to study in this regard is the subgroup lattice

Jt(A,G)= [M\(<gG(A)a M a G),

where G is an a.c. group and A g r(G). First we will observe that Jf(A, G), for

many A, contains examples of Type 2 maximals as well as Type 1. Then we will

characterize members of Jt(A, G) in terms of the isomorphisms they induce in A.

(1.26) Theorem. Suppose H is a group with a solvable word problem and which has a

series H = Hx^> ■ ■ • ID Hn D • • • such that every Hn is a nontrivial r.e. subgroup of

H and, for all x g H, there exists n > 1 such that Hn n H* = 1. Let G be a nontrivial

a.c. group and let H a G be an embedding such that Hn G r(G) for all « > 1. Then

there exists ^G(H) a M a G such that M is a Type 2 maximal subgroup of G, i.e.,

^G(A) t M for all f.g. A a M. (Note that M z> <&G(A), where H a A a G and A is

f.g.) In particular we can take H to be a free group of count ably infinite rank.

Proof. First we note that H is embedded in G (actually, an isomorphic copy of G)

in the required way. Our hypothesis means that H has a generating set X = {x¡\i > 1}

with respect to which H has a solvable word problem and the subgroups Hn equal
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r.e. sets of words, and so we need only embed Ha (ax, a2) a G in such a way that

A- is a recursive subset of words on [ax, a2) (e.g., [4, p. 188]) to ensure that

Hn g r(G) for all n > 1. Put M = U{#c(#„)|« > 1}. We have M * G since, e.g.,

there exists g a G such that H D Hg = \. We claim that, for all 1 =£ x g //, we have

G = (x, M) because by hypothesis Hn C\ Hx = 1 for some « > 1 and since Hn G

a-(G) we have G = (%G(Hn), %G(HX)) Q (x, M) by (1.13). Let M a M a G, where

M is maximal with respect to M n H = I. Thus M is maximal in G and ^G(H) a M.

Suppose A a M is f.g. and <£G(A) a M. We must have A n H = 1 for otherwise

</4, M> = G. Thus A/ 3 <^c(/l), i?c(#)> = G by (1.13), a contradiction proving

c€G(A)ctM. Thus M is of Type 2.    G

(1.27) Theorem. Let G be an a.c. group and let A G r(G). If x G G define

<pv = {(a, aA)|a G yl a«J (¡ï£i}1 cp^ « ca//e<i "//ze isomorphism which x induces in

A". IfMaJt(A,G)define<!>M = {cpx\x a M). Then:

(1) for all M, N G J((A, G), $M = ®N implies M = N; hence

(2) \Jl(A, G)\ < 22*0 andifSk(G) is countable, then \Jt(A, G)\ < 2s»; and

(3) // Sk(G) is countable and A a H a G, where H is a countable a.c. group

equivalent to G, then the map f: J((A, G) -» J((A, H) defined by Ç(M) = M n H is

a bijection of these lattices.

Proof of (1). Assume <bM = <S>N and let x G M. Choose y g N such that (px = <p .

Thus   x~V G  ^c(range rpv) = C.    Since   range   tpx = A C\ Ax   and   M 3

(&G(A), %G(AX)) = ^G(A DAX) by (1.13), we have CcM (and by symmetry

C a N). Thus x_1v g C implies x e N. So M a N and equality follows by symme-

try.

Since A is countable, there are at most 22 " possibilities for $M where M g

Jt(A, G). If Sk(G) is countable, then there are only countably many possible <pv and

2s" possible <bM, proving (2).

Proof of (3). Suppose M aJ((A,G). Note that M = [x a G\yx g $m} be-

cause if x G G and <px g $m, say (j>x = (pv with y G A/, then x_1_y g C c M (as

above), and so x <e M. Thus, recalling that A a H a G, we have

A/n//= {xe%je$M}.

Next we show that <bMnH = $M. Let x e M and (x, H) a Hx a G, where //j is

countable and equivalent to G. Since A a r(G) there is an isomorphism T of /^ with

H such that T(a) = a for all a g A. It follows that <¡dy = (pr(x) g í>Wn//. So,

®m c ^wn w an(l equality follows.

Thus, we have shown that the map

M^<i>M = <!>MnH^MnH

with domain Ji(A, G) is 1-1 into.^(.4, H). To prove (3), we must show that tj = ßa

is onto J({A, H). Suppose N aJ((A, H) and put M = {x g G\yx g (¡>n). We

must check that M is a subgroup of G, for then, clearly, M ^ J((A,G) and

■q(M) = N. Suppose x, y g M and let (x, _y, /l) c //x c G and T be as before; so

T(x), T(y) g A/ = {z g //|<p. g O^} and hence T(xy) G A" which implies xy g A/,

showing M to be a subgroup.    D
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Remark. Suppose ^C(A) a M a G, i.e., M a-J((A,G)) where A g r(G). Put

A = {domrjpj.x: g M). Since dom<px = range y'1 we also have range <pv G A for all

x g M. It is easy to see that A c r(G): Let A a B a G, where B is f.g. and A <e

W(B), and let x G A/. As we enumerate ^((5, x)) we can enumerate /I and .4* and

form a list of all pairs (a, ax) such that a, ax g A. Thus «p^, dom<px <e W((B, x))

and dommv e r(G). Putting A0 = finite intersections of members of A a r(G), we

have M 3 \J{<#G(D)\D G A0} by (1.13) since ifc(dom<pA) c M for all xeM.We

cannot hope to prove that A0 = A; nor can we prove that 3>w is closed under

function composition. It is not at all apparent which families of isomorphisms

between r(G)-subgroups of A can occur as Í»M for some M g Jt(A, G). This must

depend on G as well as on A except in very special cases.

Suppose M is a Type 2 maximal subgroup of G. We will call M Type 2a if

^(A) c M for some A g r(G); otherwise we call M Type 2b. Theorem (1.26)

shows that Type 2a maximals occur in J((A, G) for many pleasant A; while (1.25)

shows that every Type 2a maximal can be embedded into G also as a Type 2b (in 2 s"

distinct ways) if G is countable. It would appear to be an impossible task to

characterize the isomorphism-types of those Type 2 maximals which can be em-

bedded as Type 2a, although most Type 2 maximals can be ruled out since Type 2a

have a very complicated structure. (Recall that (1.25) does neatly characterize all

Type 2 maximals in countable G.) For example, (1.4) shows that all countable G

occur quite naturally as Type 2b maximals of themselves (and this also follows from

(1.25)). But I do not know if any G occurs as a Type 2a maximal of itself-the

construction in (1.26) of Type 2a maximals uses Zorn's Lemma and it is not clear

what isomorphism-types one can get, even though one begins with M = G. It also

seems intractible to determine whether there exist Type 1 maximals M a G such that

there are 2S° distinct maximal embeddings of M into G. We can combine this

question and the identical question restricted to Type 2a maximals by asking: Is

there a countable a.c. group G and some A g r(G) such \haiJ({A, G) contains 2N(I

isomorphic maximal subgroups? In fact this question is interesting when A is free

Abelian of infinite rank.

If A is finite, Theorem (1.15) shows that J((A, G) is finite and that all maximals

in Ji(A, G) are Type 1 (they are all normalizers of finite characteristically simple

subgroups of A). We can also obtain this result whenever yl g r(G) is solvable.

(1.28) Theorem. Suppose G is an a.c. group, M a G is maximal and (£G(H) a M,

where H G r(G) is solvable. Then M is of Type 1 (see (1.5)) and ^G(F) a M for some

Abelian F G r(G) with F a H.

Proof. As a lemma we will first prove the theorem when // is Abelian. For this we

need the construction of [1, p. 433] of a group B = (a, b) such that ÇB (the center of

B) is free Abelian of rank S0 with free generators {c„ = [a, ah"]\n > 1} and

B/ÇB = (a)wr(ft) = ZwrZ. B is recursively presented and has a solvable word

problem. Since H G r(G) we have H ¡ze W(A) for some f.g. A with H a A a G. As

we enumerate W(A) we can also enumerate the set of all relations holding in H

among its elements hx, h2,... (in the order in which we enumerate them <<, W(A)),
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i.e., the set of all words w(hx,.. .,hn) which are trivial in H. As we list these we can

enumerate a presentation for the group D = B/N, where

N = (w(cx,...,cn)\w(hx,...,hn) = linH) a ÇB.

We clearly have CD = ÇB/N = H, noting that B/IB is centerless and recalling that

we are assuming H to be Abelian. Using the General Higman Embedding Theorem

we can construct a group P which is finitely presented over A and such that

A, D a P. Let (P, t) = the HNN extension (P, t: c'n = hn (n > 1)). Again using the

G.H.E.T. we embed (P, t) a Q with Q finitely presented over A. Since G is a.c.

there is a homomorphism ~ : Q —> G such that ä = a for all a g A. Thus (CD)' = H

in Q and hence H = Ç(E) where E = D'= (a, b)'. Hence E a <tfG(H) a M, E is

f.g. and (€G(E)a #c(/f) c M. This shows that M is a Type 1 maximal subgroup of

G.

Now assume that H g r(G) is solvable. If A/ # 1 is any solvable group let

Ñ = the last nontrivial term in the derived series of N. We will choose H WLOG so

that

(1.29)        H g r(G) has minimum solvable class such that tfG(H) a M.

The proof will consist in showing that (under the assumption (1.29)) we have

(€G(H)a M and then appealing to the proof given above since H is Abelian and

H g r(G) implies H G r(G) also since H is a verbal subgroup of H. Letyx,---,yn+l

g ^G(H) and xx,...,xn g M and put w = yxxx ■ ■ ■ y„xnyn + x. We will show that

H n (H)w * 1. From this will follow G =f= (%G(H), M) and #c(/7) a M (by

maximality of M ) as desired.

Put Di = domq^ = [a G H\ax< G H) and define inductively S„ = Dn and 5, =

Di Pi S^+i for 1 < / < « — 1. Using the Remark after the proof of Theorem (1.27)

we deduce easily that S¡ g r(G) and ^(^J c M for 1 < / < h. Hence, by our

hypotheses on H and M, every 5, has the same solvable class as H (1 </'<«). Now,

we have Sx a H since Sj and H have the same solvable class; and since Sxl a S2 we

have Sx' a S2 also. Proceeding in this manner and using the facts Sx' a Sj+X from

which follows Sx' a Si+X, since all groups involved have the same solvable class, and

the fact that y g Vg(H) we find that Sxw a H from which follows H n (H)w ¥= 1 as

desired.    D

Let us note that Theorem (1.26) implies that Theorem (1.28) cannot be extended

to locally finite ^-groups which have invariant solvable series of length w. A

counterexample is

H=(ZpwZp)wZp---

(the wreath power of Zp indexed by the natural numbers) because H satisfies the

hypotheses of (1.26) with Hn = ((1 wrl)wr ■ • • l)wrZ wrZ • • • (n - 1 trivial

factors). (The nth term of the solvable w-series referred to above is the normal

closure in H of the first n - 1 factors of H.)

Very likely there are Type 1 maximals M g J¿(A, G) where A G r(G) for which

"reduction to an Abelian subgroup" does not occur, i.e., M ^J((H,G) with

H g r(G) implies H is non-Abelian; but we must leave this exotic possibility open.
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Finally, we can at least observe how to construct many maximals.

(1.30) Proposition. Suppose A g r(G) and put rA(G) = [H a A\H g r(G)}.

Suppose n is an ultrafilter in the lattice rA(G) (see (1.12)) and let M consist of all

x a G which preserve TL,i.e.,x&M<»Dx= {a g A\ax G A} g II andPx e II for

all P g n such that P a Dx. Then M is a maximal subgroup of G.

Proof. To verify that M is a subgroup, it is clear that x g M implies x'1 g M

because Dx-¡ = Dx and conjugation takes members of r(G) to members of r(G).

Suppose x, y G M. Then

Dxy 3 Dx n ( D,)*"' 3 Dx n ( Dy n Dx , )x" = Q g n

and hence £>vi g II since £>V). g rA(G). UP a Dxv with P g II, then (P n ß)^' G II

and hence Pxy G II. Hence xy G A/.

Clearly Af # G since /I n 4* # 1 for all x g M. Note that obviously ^C(P) c M

for all P g n. To show that M is maximal suppose v g G — A/.

Case 1. Z), G II. So for some P g n we have fl,.nf = l since Dv g /^(G).

Hence P> n A = 1, and (M, y) D (VG(A),<gG(Py)) = G by (1.13) since Py g

/•(G).

Case 2. Dv g II, but for some P c Dv with P g II we have P1 G II. Hence

P ' n Q = 1 for some Q g II and so (M, y) = G as in Case 1.    D

Unfortunately we apparently cannot show that every maximal M g JÍ(A, G) is of

the type described in (1.30). In general, if M g JÍ(A, G) and we define II = {P g

rA(G)\<ëG(P) a M), then n isa filter in rA(G) and $M (see (1.27)) consists of

certain isomorphisms which preserve II. If M is maximal, then <&M consists of all the

isomorphisms which preserve LI, but we cannot show that n is an ultrafilter. If

M G J/(A,G) is maximal it is easy to see that, if M is of Type 1, then for some

P g n there are isomorphisms <px,...,q>„ g $m such that the HNN extension

K = (P, tx,... ,t„: a'' = cp,(a) for all 1 < /' < n and a g P n dom<p,) has a homo-

morphic image K = (tx,...,tn) such that P = P a K. For this to happen, it is

necessary that LLP= {Q n P\Q G n} be preserved by all inner automorphisms of

P. A sufficient condition beyond P being Abelian is very inscrutable.

It is also worth mentioning here that in [2] under the assumption <0N (a

combinatorial consequence of Godel's Axiom of Constructability) an a.c. group G of

power Sj was constructed with any given countable skeleton such that every

maximal M a G satisfies ^G(A) a M for some f.g. A a G. The proof is similar to

that of (1.25) and Jonsson groups.

2. Automorphism groups. In this section we will prove

(2.0) Theorem. Suppose G is a countable a.c. group and Inn G a A a Aut G where

A is countable. Then there exists t g Aut G such that the HNN extension (A, t:

T~1gr = r(g)(g G Inn G)) is a subgroup of Aut G.

This is a very easy consequence of the following more mundane result.
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(2.1) Lemma. Given the hypotheses of (2.0) there exists an involution o G Aut G —

Inn G such that the free amalgamated product (a)InnG* A is a subgroup of Aut

G.

Proof of (2.0). Using (2.1) choose involutions a,, a2 g Aut G — Inn G such that

A, = (o,) Inn G *       A a Aut G   and   A-, = (a-,) InnG*       v4, c Aut G.
1 x    l/ InnG ¿ X   l/ InnG     "

It is easily checked that t = a^ satisfies (2.0) by considering a Britton-reduced

product w in the generators A U { t }. The only case requiring examination is when

w has a segment r'gTJ where ij > 0 and g g InnG. Assuming ¿ = j = 1 we have

w = ■ ■ ■ oxo2(gox)o2 ■ ■ •. The bracketing given displays the ^42-reduced form of w

and it follows that w + 1 in (A, t) c A2.   D

To construct the a of (2.1) we need to develop some properties of outer automor-

phisms of a.c. groups. We begin with

(2.2) Lemma. // G is an a.c. group, A a G is f.g. and t g Aut G satisfies

t(x) g (A, x) for all x G G, then t g InnG.

Proof. Assume that A and t have the indicated property. Since the hypothesis

remains true if we enlarge A, we can assume that A is centerless [3, Corollary to

Theorem 6] (we can enlarge A to A wr Z c G). Since ^G(A) is a.c, it is generated by

involutions. Hence our hypothesis guarantees that t(x) = x for all x g #g(/1).

Let U = Awr(u) and W = A wr((w> © (u>), where |h| = \v\ = 2. Since U,W &

Sk(G) we can assume A a U a W a G. The embeddings here are taken so that A is

the 1-coordinate of the base group of U and of W. Our hypothesis implies that

t(/4) = A and that the base group A © A" of U is also T-invariant. Put V — A wr (v)

a W. Since t(w) g f/ and t(u) g F, we have r(u) = u(a + b") and t(ü) =

d(c + d"), where a, b,c, d g A Thus

t(mi;) = t(u)t(v) = uv(c + bu" +(ad)v)

and we conclude a = d~x since we must have t(uv) g /I wr(«u) = (uv)(A © /I"").

Thus r(uv) = mi>(c + 6""), and by symmetry we can also conclude c = b'1, a = h~l,

etc. Thus t(h) = u(a + (a'1)") = u" and t(¡;) = u".

Now, putting f/={ge G|r(g) = g") we have shown that (f€G{A), u) a H.

Hence ^G(A") a H also and we conclude that H = G by (1.13) since A n A" = 1.

D

Now we can give the property of outer automorphisms that is crucial for proving

(2.1).

(2.3) Lemma. Suppose A < B and C are f.g. subgroups of the a.c. group G and

t G Aut G — InnG. Then there exists in G an isomorphic copy B of B over A (that is,

ä = a for all a G A) such that t(B) G (B,C).

Proof. Using Lemma (2.2) we choose a f.g. D a G such that (C, A, t(A)) a D

and t(D) - D * 0. We will show that B exists such that t(B) G (B, D). To this

end we will first prove

,     . If t(B) a (B, D) for all B a G isomorphic to B over A, then

(  ' ' t(x) g <£>, x) for all x g Wg{A).
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Proof of (2.4). Suppose x g %g(A) and r(x) G (D, x). By (1.19) we have

(A,x)aH = (Bx,...,B,)aG,

where each B¡ is isomorphic to B over A. Since G is a.c and t(x) G (D, x) there

exists g g -<?G«I>, x» such that t(x) G <//, D>« = (Hg, D). But since each Bf is

isomorphic to 5 over A the hypothesis of (2.4) implies

r(x) G (r(fif),...,T(5,f))c (//*,/)),

a contradiction proving (2.4).

Now, assuming the conclusion of (2.4), we will reach a contradiction proving the

lemma. (Since we will bring the condition r(D) — D =t 0 to bear which depends on

(2.2) we are not directly generalizing (2.2) here.) Put H = <t_1(I>), A t(D)) a G

and K = <x> © D. Since t(D) - D * 0,H*  K satisfies

(2.5) [y,r(D)]*1    for all y g ((x) © D) - D.

It follows that there is a subgroup P = (H, x) c G which also satisfies (2.5) and

x G //. The reason for this is that the set of y G ((x) © D) — D is obviously r.e. in

G and so the General Higman Embedding Theorem allows us to force all the

inequations (2.5) to hold in G. Thus (x) © D a P a G and we must have t(x) G D

because r~l(D) a H, whereas x G H. Now (2.4) implies t(x) g ((x) © D) - D and

hence (x) © D = t(x) © r(D) contradicts the inequality (2.5) with y = t(x).    D

Proof of Lemma (2.1). We will construct o inductively. Suppose a„ has already

been defined on some f.g. Bn a G so that on(Bn) = Bn and \on\ = 2. To ensure that

G = ö„>x Bn we can enlarge Bn to include the «th element g„ in some list of G. Since

the symmetrical free amalgamated product P = (Bn, g„) * (B„, g„) has an auto-

morphism of order 2 extending a„ we can obtain a homomorphism rp: P —> G with

(p = 1 on (£„, g„> so that <p(P) also has this automorphism and take <p(P) as the

new Bn.

Since we will have \a\ = 2 any element w G Inn G of (a)Inn G * ^4 is conjugate

to one of the form w = aama ■ ■ ■ axaa0 where a,a A — Inn G (0 < i < m).

Let w be given as above. We will show that a„ can be extended to on + x defined on

B„ + i => #„ in such a way that a„ + 1(fi„ + 1) = B„+1,|cr„+1| = 2, and

There exists z g Bn + X - Bn such that the elements z, a0(z),

' oa0(z),...,w(z) G B„ + x a G are all distinct.

If in the construction of a we include steps (2.6) for every such w we will have w ¥= 1

in Aut G and Lemma (2.1) will follow. We can choose z g G - Bn so that a0(z) G

(Bn, z) by Lemma (2.2) since a0 G InnG. Put Bn0 = (Bn, z) and ft, = a,a ■ • •

axoa0. Assume inductively that 0 < / < w and

aQ(z), aa0(z),...,p.¡(z) have been defined and are distinct

(2.7), and Bn a Bni a G has been defined so that Bni is f.g. and

a0(z),...,«-V,(z)G Bni, but fi,(z)G Bn,\ and

a„, a B„, X B„, has been defined so that a„ a o„, and a„, is

extendable to an (inner) automorphism of G having order 2.



A. C. GROUPS 471

We will show how to accomplish the next step by defining a(ja,(z)) and

a, + 1(a(ju,(z))) (or just the first if / = m).

Put J = (Bn„ /x,(z)> c G. Let (J, y) g Sk(G) with y G J be such that an , + 1 =

a„ , U {(jti.,(z), >>)} can be extended to an automorphism of order 2 of some

supergroup of ( J, y). (The hypothesis (2.8), guarantees that some such group (/, y)

exists and since G is a.c we can obtain an image of this group containing J in Sk(G)

which also admits this automorphism.) Now we use Lemma (2.3) to embed (J, y)

into G over J in such a way that al + x((J, y)) <t (J, y) (in the notation of (2.3) A is

J, B is (J, y) and Cis 1). Hence ai + x(y) G (J, y). Thus

*»,-(*) -^ y -* «z+iCy) = Mz+i^) £ (-A j>

and if we define BnJ+1 = (J, y) then the inductive properties (2.7)/+1 and (2.8)/+1

are satisfied.

After obtaining Bmm+X satisfying (2.7)m+1 and (2.8)m+1 (with m„,+i = w\ we

embed Bnm+X a Bn+X a G so that a„ m+1 c a„+1 = an automorphism of Bn+X hav-

ing order 2.

3. Extensions. Before proving the result mentioned in the abstract, which requires

just a very slight generalizing of the construction as presented in [7], we will use the

results of §1 to prove that the two natural cases of the construction [7, §§3, 5],

namely using finitary permuations and piecewise linear order preserving maps,

always yield nonisomorphic a.c. groups. We think this to be the most pleasant

construction of nonisomorphic equivalent a.c. groups in arbitrary powers ([3] gives a

very pleasant construction in power Hx).

First we will describe the construction and the properties that we need. Let M

denote a nontrivial countable a.c. group, let I be a countably infinite relational

structure, and let II be a group of automorphisms of I such that every isomorphism

of finite subsets of I is induced by some member of n; let Ü c Af be an e.r.

embedding, i.e., n g r(M). (Usually II has a solvable word problem and II c M is

a recursive embedding.) Let P(J) denote the finite subsets of I. If s e P(I), put

LLS = {a g n|a(x) = x for all x g s). We will assume also that every ns is

centerless and that ns g r(M). These assumptions ensure that G = D^M(LTs)\s G

P(I)} is an a.c. group equivalent to M. Finally suppose / ç / is an extension of I

with | J | = k such that every finite subset of / is isomorphic to a subset of I. Then, an

a.c. group G = G (M, J)is obtained which is equivalent to M and which is the direct

limit of subgroups {Ms\s G P(J)} satisfying for all s, t g P(J)

(3.0) Ms = M;       sat implies Ms a Mt; and

If sat,  then  the embedding Ms a Mt is isomorphic to

(3.1) ^A/(ny) c <gM(Ll,,), where s' a t' a P(f) are arbitrary such

that ' is an isomorphic mapping of t onto t'.

This description corresponds to [7, Lemma 2.5] with the condition Ms c ^(IIJ

strengthened to equality. If K c /, put GK = \J{Ms\s g P(K)} c G(M, J). Thus

Gs = Ms for all s G P(J). The construction also satisfies

,. If K, L a J and K = L, then GK s GL (an isomorphism of

GK with GL is induced via any isomorphism of K with L).
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We need a final hypothesis to ensure that |G(Af, J)\ = \J\ = k. Various conditions

will suffice for this. We choose a rather strong one which is satisfied in both cases we

will consider, namely, we assume that II s has a solvable decision problem in II for

all 5 g P(I) (and that n has a solvable word problem), and that n^ c n, implies

t a s for all s, t g P(I). These hypotheses ensure that

(3.3)

(3.4)

For all a G I there exists g g #w(na) such that [g, h] # 1

for all A £ II - na; and

For all a a J there exists g ^ M,a, — A/y  ,„,, and hence

MK c ML implies K a L for all K,LaJ.

From (3.4) it follows that \G(M, J)\ = \J\ = k. For the general functorial properties

of this construction, from which all of the above is easily deduced, the reader is

asked to consult [7, §2],

Two natural cases of this construction considered in [7] are as follows.

(3.5)        I = íú (natural numbers) and n = all finitary permutations of to.

In (3.5) the isomorphism-type of G(M, J) will depend only on the cardinality of J

and we will denote such a group by G(k), where k > to is a cardinal.

,     . I = Q (rationals) and II = LlQ = the piecewise linear order-

preserving permutations of Q.

In (3.6) J can be any fully ordered set £ and we will denote such a group by G0(¿).

Notice that by (3.2) the order type of ¿ uniquely determines the isomorphism type of

Gg.(£). Note that both G(k) and G0(£) are equivalent to our fixed countable a.c.

group M. As promised, we will prove

(3.7) Theorem. If k > to and £ is any ordered set, then G(k) ^ GQ(E,).

The principal property required in the proof will be as follows.

(3.8) Lemma. If £ is an ordered set, then the only subgroups of GQ(£) containing

G0 = Af0 s M are the obvious ones, namely {GK\K a £}.

The proof of (3.8) will make use of the following two properties of LlQ = LI.

,     , If 5 G P(Q), then the only subgroups of II containing Lls are

' the n, where t a s;

/- .„>. If t ç s £ P(Q) and t g Aut(il,) satisfies r(a) = a for all

^ '    '        aell,, then t = ln .

In [2] proofs of these were given, but we will omit them here since we have been

informed by Andrew Glass that both of these properties follow in rather general

circumstances from the general theory of ordered permutation groups [9]. Indeed

(3.9) is true for any highly transitive group of order-preserving permutation of an

ordered set (cf. Theorem 4.1.5 of [9]) and (3.10) can be proved by making a direct

adaption of the proof of Theorem 2.D of [9]. Here our concern is with the

consequences of properties such as these for the construction in [7].
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Proof of Lemma (3.8). In this proof we will write G(£) for GQ(£). Every ordered

set £ is contained in a densely ordered set 8 and 8 is the union of subsets {8a}

order-isomorphic to Q. So we have G(£) a G(ô) = U{GS}, where Gs= G(Q) =

U{M\s G P(Q)} (this is actually an isomorphism of direct limits). Suppose that we

have established

(3.11)        If G0 c F a G(Q), then F= GK for some K = Q.

Then, if G0 c H a G(£) c G(8), we have for all a,G0 a H n GSa = G* for some

ÄTa ç Sa and hence // = (J{GK } = GK, where K = \J{Ka), and we conclude that

K a £ by (3.4). Thus (3.8) will follow if we prove the special case (3.11).

To prove (3.11) we first prove

Suppose G0 c F a G(Q) = l){Gs\s g P(Q)}. Then there is a

.       .        subset K a Q such that, for all 5 g P(Q), we have Gs a F iff

sa K;  that is, K is the maximum subset of Q such that

GKaF.

Proof of (3.12). Put K = (J{s g P(ô)|Ga c F}. To prove that GK a F we must

check that, for all s, t g P(<2), if Gs, G, c f, then GsU, a F. The extension G5 c G5,_,,

is isomorphic to ^M(IIS) c ^'JV/(IIjU,) and similarly for Gt a GsUr Since ns,

n, g r(M) (1.13) implies

{VM(Lls),VM(Ll,)) = VM(Lls n n,) = VM(LlsKJt)

whence (Gs, G,> = GsU, a F, as required.

Now to prove (3.11) suppose G0 c F a G(Q). We wish to show that F = GK

where K a Q is as in (3.12). Let 5 g P(Q). By (3.9) only finitely many subgroups lie

between Lls and LlKns. Since GKns = <êM(LlKns), (1.15) implies

(3 13) ^w(F) C F n ^m{U*} C J/'w(F) f°r S°me V With "* C V

and (3.9) implies that V = II, for some t with K n s a t a s. Now we use property

(3.10) to replace jVm(V) in (3.13) by %M(V): Suppose gefn ^M(ns). By (3.13)

g normalizes F = LI,; thus g induces an automorphism on n, which centralizes Lls,

whence g must centralize n, by (3.10). So we have proved F n ^M(Lls) = ^¡^(Ll,)

and we conclude that t a K, i.e., t = K C\ s, and consequently F = GK.   D

Proof of Theorem (3.7). Suppose k > to and <p: G(k) -* G0(¿) is an (onto)

isomorphism. To avoid ambiguity we write-G(k) = U{ Ns\s g P(k)} and G0(£) =

U{Gc|i G P(¿)} for the canonical direct limit systems. There exists a countable

subset A a k such that G0 c <p(NA) a G0(£). By Lemma (3.8) the only subgroups

between G0 and Gö(£) are of the form GT, where T a £ and these are all a.c. groups

equivalent to M. Hence every subgroup of G(k) containing NA must be of this type.

To reach a contradiction we will display a subgroup V with NA a Va G(k) such

that V is not an a.c. group. By the categoricity of this direct limit construction, the

embeddings NA a G(k), Nu a G(k) and JVU_(0J) c G(k) are isomorphic (assuming

WLOG that A is infinite), and we will define V to be an intermediate group in the

last one. Let t = (01) g n c M and put V = ^C(1c)(t). For all s g P(to - {0,1})

we have A^ = ?w(n,) C V since t g 11^. Thus NU_{QX) a V and, since f is in the

center of V, V is not an a.c. group.    G
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Finally, we will give a more precise statement of the result on extensions

mentioned in the abstract and show how to slightly modify the construction of [7] in

order to prove it.

(3.14) Theorem. Suppose M a N are a.c. groups such that M is countable and

M g r(N). Suppose J is any a.c. group equivalent to M. Then there exists an a.c.

group G equivalent to N such that J < G.

Actually, the conclusion of this theorem could have been stated J a G because

this containment must be proper since M is not equivalent to N by Theorem 1 of [3]

since M is contained in a f.g. subgroup of N. For exactly the same reason (3.14) will

give no information at all about embedding J in an a.c group having the same

skeleton as J—this remains an open question. Notice that, given M, in order to

obtain a suitable N one must merely increase the skeleton of M by some f.g. group

which contains M as an e.r. subgroup. Of course this introduces many more

subgroups into the skeleton as well (see Proposition 3 of [3]). It would be interesting

to know if there ever exists a minimal skeleton for N (such that M G r(Ny). Perhaps

the characterization determined in [8] can answer this question for certain Af (such

as the M whose skeleton consists of all the f.g. recursively presented groups).

To prove (3.14) we want the "relational structure" / to be M and we want n to

also be M. To do this we replace the finite subsets P(I) by

(3.15) A(A/) = [D\D is a f.g. centerless subgroup of M }.

This is a direct limit system of M by the Corollary to Theorem 6 in [3]. Now LI = M

(acting on itself by conjugation) has the homogeneity property required for the

construction, namely

,       . If/: D -y E is an isomorphism of members of A(Af), then

there exists g a LI = M which induces /.

Now we define the homogeneous direct limit system on which Af "operates".

Considering the embedding M a N we define

(3.17) MD=<€N(<<§M(D))    for all Z) g A(M).

Suppose D g A(Af). Since D is f.g. and Af G r(N), it is easy to see that ^M(D) g

r(N) also: to enumerate %M(D) we enumerate both M and the relations W(M)

holding among elements of M. We discover that g g M lies in ^w(£)) as soon as

we find that all of the commutators of g with the generators of D lie in W(M).

From ^w(£)) g r(N) it follows that ^(^(D)) is an a.c. group equivalent to

N (using, as usual, the General Higman Embedding Theorem). Thus G(M) =

U{A/D = %>N(<€M(D))\D g A(Af)} is an a.c. group equivalent to N and we have a

natural containment Ma G(M) since Da ^(^(D)) for all D G A(Af) and, as

previously noted, M = UA(A/). We obtain an operation of II = M on the system

[MD\D g A (A/)} exactly as in [7, §3], namely if/: D -> E is an isomorphism of

members of A(Af), then 9l(/): AfD -* ME is well defined by 9t(/)(x) = glxg,

where g g M is an arbitrary element which induces /on D by conjugation; and this

collection of 9l(/)'s compose and restrict as required of an operation.
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So it follows that if M a J, where J is an a.c. group equivalent to M, this

operation extends (uniquely) to an operation of / on a direct limit system

{MD\D g A(J)} (using the same proof as that of Lemma 2.3 of [7]). If D a E g

A(/), the embedding MD a ME can be obtained by choosing any isomorphisms a

and ß of D and E with members a(D), ß(E) g A(M) and then using the inclusion

map j: D^E to obtain / = ß-lja~l: a(D) -> ß(E) and 9l(/): Ma(D) =

e^N((êM(a(D))) -* Mp{E) which defines the direct limit embedding MD -> ME once

we fix all of our choices for a and ß. Now we must observe that the images of the

subgroups A(Af) (where Ma G(M) a G(J) is the natural embedding mentioned

previously) under all of the induced maps into the direct limit group G(J) =

U{ MD\D g A(/)} form a subgroup of G(J) isomorphic to J. The proof of this

requires the same commutative diagram chasing which shows that the direct limit

system is well defined. Indeed this property is rather transparent since the inclusion

embeddings/: D a E for D, E g A(7) are reproduced in a subgroup of G(J) via

the embeddings /= ß~lja~x (above) which are restrictions of the operator maps

9t ( / ) because 91 ( / ) is defined by conj ugation by an element of M which induces /.

The above proof does suggest a possible method for properly enlarging J to an a.c.

group equivalent to M. To do this we would have to somehow obtain a "proper

operation of M on itself. For example we would accomplish this if we could

construct an embedding <p: Af -» Af satisfying: G = U{cë'M(^(M)((p(D)))\D g

A( M)} is an a.c. group and <p(M) is a proper subgroup of G where <p(M) a G is the

natural embedding given by q>(D) a (#M('£v(M)(<p(D))).

Since this requirement does not appear to be terribly stringent, it gives consid-

erable hope for a positive answer to this question. Yet no means for constructing q>

seems to be at hand.

4. Free maximal subgroups. In this section we prove

(4.0) Theorem. Suppose I is a countable relational structure and LI is a group of

automorphisms of I such that every isomorphism of finite subsets of I is induced by some

element of LI. Further suppose that <^n(nj) = 1 and Lls has a solvable decision

problem in LI for all s G P(I) (in particular, LI has a solvable word problem). Let

LI a M be a recursive embedding of LI into a countable a.c. group M (i.e., an e.r.

embedding in which all of the degrees involved.are recursive). Let J be an extension of I

having the same finite substructures as I. Then, the homogeneous limit group N(J) as

in the construction of [7] has a maximal subgroup which is free. In fact there exists

X a N(J) which freely generates (X) in N(J) and such that, for all y a N(J) - (X)

and z G N(J), there exists a, b, c G X such that z = (ay)h(ay)c.

Here we have used the notation of §3 except that the direct limit group G(J) is

denoted by N(J) (as in [7]).

Corollary. Gq(Ç) for all ordered sets f 2 Ö (as in §3) has a free maximal

subgroup as described in (4.0).

Proof. With ne = n as in §3 one easily checks that ^n(Lls) = 1 and that Lls

has a solvable decision problem in n for all s g P(Q).   □
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First we will prove

(4.1) Theorem. Every countable a.c. group M has a free maximal subgroup. In fact

there exists X a M which freely generates {X) in M and satisfies: for ally g M - (X)

and z G M, there exists a, b, c a Xsuch that z = (ay)h(ay)c.

Note that (X), a countable free group, is an example of a Type 2b maximal

subgroup of M. This is the simplest illustration of (1.25).

Proof. We inductively construct X. Let M X M = {(y¡, z¡)\i g N}. At the j'th

step of the construction we will add three more free generators—say a, b, c—to X¡

(the previously chosen free generators) which will satisfy

Uy, £ (X,), then z, = (ay,)b(ayiY and X, + x = XfU {a,b,c}

freely generates (A^ + i) in M.

Thus X = U;>1 X¡ will satisfy (4.1). To accomplish (4.2) put M0 = (X„ yt, z,> c M

and consider the group H with presentation (M0, a, b, c, u, v: uv = z,, (ay¡)h = u,

(ay¡)c = v), where a, b, c, u, v are new symbols. H is an HNN extension with stable

letters b and c of the group G = (M0, a, u, v: uv = z,). One checks easily that, in G,

L = (Xj) * (a) exists and (u) D L = (v) n L = 1, and if j, G (A',.), then (ay,> n

L = 1 also. It follows that the conjugated subgroups in the HNN extension H all

intersect L trivially, so Britton's Lemma implies that L *(b)*(c) exists in H, i.e.,

X¡ U {a, è, c} are free generators in //. Now we can find elements of M (which we

also call a, b and c) which satisfy the relations of H, and since free groups have

solvable word problems (and are embeddable in M), we can arrange X¡ U [a, b, c)

to be free generators in Af also (we can include relations which conjugate these to a

free set contained in M); thus (4.2) follows.   D

The proof of (4.0) reduces easiliy to a certain construction in the countable case

based on the above proof. Let N = {j^tf M(Ll s)\s g P(I)) be a countable a.c. group

expressed as a direct limit as in Ziegler's construction, and assume that (II, I)

satisfies the hypotheses of (4.0). To prove (4.0) it will suffice to produce a subset

X a N satisfying

(4.3) X freely generates < X) in N,

(4.4) X = Xa for all a g n, and putting Cs = ^M(US),

for  all s G P(I), y G Cs - (X),  and z G Cs,  there  exist

*     ' a,b,c<EXnCs such that z = (ay)h(ay)c.

Notice that (4.5) implies that, for all í g P(I), (Cs n X) is maximal in Cs, and

hence equals Cs n (X). It will follow by simple diagram chasing that if N(J) =

\J{Ns\s g P(J)} then, if the above X a (J{Ns\s g P(/)} is extended toîç N(J)

via the canonical isomorphisms induced by the chosen bijections fs: s' —> s [7,

Lemma 2.3] where s a P(J) and s' g P(I), then

(4.6) X freely generates (X) in N, and

.     . for  all  s a P(J), y a Ns - (X)   and  z g A7,,   there  exist

a,b,caNsC\X such that z = (oy)ft(ay)''.
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(4.11)

(4.12)

Theorem (4.0) follows from (4.6) and (4.7).

To adapt the proof of (4.1) to the context of Ziegler's construction, we need a

technical lemma.

(4.8) Lemma. Suppose P a LI a G are groups, ^n(P) = \, X a G freely generate

(X) in G, LI normalizes (X) and LI D (X) = 1. Further suppose

(4.9) for all a a LI and x g (X), ox a LI iff a and x commute.

Then

Suppose G = (G, a; a centralizes P)= G* (P © (a)) and

y g <¡ÍC(P) - (X). Then, in G, X = {a"\o G n} U X freely

(4.10) generates (X), (X) n II = 1, (4.9) holds with Xin place of X,

(ay) n Ll(X) = 1 and, for all L G (X) and o G n, ar G

(ay)P - P;

Suppose z g ^(¡(P) and G = (G, u, v; u and v centralize P and

z = uv). Then, in G, (u) n G = (v) n G = 1;

Suppose t, u, v G G have infinite order and centralize P, and,

for w = t,u, v, (w) n Ll(X) = 1, and, for all x g (X) and

o g n, ox G (w)P — P. Let G = (G, b, c; b and c centralize P

and th = u, tc = v). Then, in G, X = [b°, c°\o G n} U X

freely generates (X), (X) n II = 1, and (4.9) holds with X in

place of X.

Proof of (4.10). Let 1 g T = a right transversal of P in II. Note that X = [aT\

t g T} U X. Suppose T is a nonempty reduced word in the free group on X. To

check that r ¥= 1 in the amalgamated product G, we write L = dxax • ■ ■ dnandn + x,

where 1 =£ a,. £ (a), possibly dx, dn+x = 1, but 1 # J, = x, ojct"1, or ot"1 with

1 # x G ( X) and a, r g T for 1 < / < n. Since ( X) n n = 1 we have J, G Ü for

1 < / < n. So the above product is reduced in G, implying r * 1 in G. It also

follows that if some factor a" occurs in L, then T G G, proving (X) n LI = I.

To prove (4.9) with A'in place of X, suppose a a LI and L g (X), and put

T = x^ffV'iJxj • ■ • jgfcV-Ó^+i, where /y g T, j, ¿ 0,
possibly Xj, x„+1 = 1, but 1 =£ x., £ (A") for 1 </ < «.

The proof that ar G n <=> a and L commute runs as follows. If ox< G n, then

d = txaXltx1 £ n also, and either I = xx or ar has G-reduced form

(4.14) ar = ••• r^tr'W'Í! • ■ • GG.

So assume ax> g n, and hence a*' = a by (4.9). If t/ £ P, then ar has G-reduced

form (4.14); so assume d g P. It follows that x^a'1^"1 commutes with a because a

centralizes P. The proof can now be completed by induction on the length of V.

For the final conclusions, we will need

(4.15) y<£Ll(X).
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Proof. Suppose y = ax with a g IT and x g (X). Thus ax g 1fG(P), implying

xPx'1 = P" a LI, and so x centralizes P by (4.9). Thus, a centralizes P also,

implying 0 = 1 since (£XX(P)= 1. Thus y = x, contrary to hypothesis.    D

To prove (ay) n Ll(X) = 1, suppose/ =£ 0 and L g (X). We will show Q =

(ay)'L G n. Let L be written as in (4.13).

Case l.j>0.Q= ■ ■ ■ ayxxt[la'Hx ■ ■ ■ and G-reduction will occur <=> yxxtxl g P

which would imply y G Ll(X), contrary to (4.15).

Case 2. j < 0. Q = ■ ■ ■ y~1a~1xxtxla',tx ■ ■ ■ and G-reduction will occur <=> Xjif1

g P » xx = 1 and /, = 1 since n n (AT) = 1. This gives

Q= ■■■(y-la-1)y-1a'>-l(x2t2-laiH2)---,

where the factors in parentheses may not occur. This product is reduced unless

ij = 1. This gives Q = ■•■ y~1(x2t21a'2t2) ■ ■ ■. Since y~l(x2t2l) G P (otherwise

y-1 g Ll(X) = (X)Ll, contrary to (4.15)), we conclude Q G H    □

To establish our last conclusion, we will show

(4.16) for all L g (X), a g n and/ # 0, Q = (ayf'L^aL G H

The proof is very similar to that just given, but we sketch it anyway. Let L be as in

(4.13). Assume WLOG d = (xxtx~1)~loxxtxl G P (otherwise we could omit the first

factor in parentheses in (4.13)). Also assume T G (X) (otherwise (4.16) is trivial).

We consider only the case/ < 0.

Q= ■■■ y-la-lx-n\l{rnla--t„) ■ ■ ■ x;1/í1a~',#',

and reduction occurs «* x„+l = /„ =• 1 and in = -1. This gives

Q= ■■■(y-la-l)y-1 ••• x^a^d ■ • ■,

which is reduced sincey~lx~1t~Lx G P (if n = 1 and/ = -1, then Q = j"1 G II).

Proof of (4.11). This is very easy.

Proof of (4.12). G is an HNN extension of G with stable letters b and c and

conjugated subgroups (w)P, w = t, u, v. We again choose T as in the proof of (4.10)

and have X = [bT, ct\t g T) U X. If L is a reduced word in the free group on X,

then any segment of L occurring between successive occurrences of the stable letters

(after combining similar conjugate sequences such as r~xbrr~lcr = T~lbcr) would be

of the form rxa"1 (t, a G T, x G (X)). If rxa~l G (w)P, say txcj"1 = wjp, then

j ¥= 0 (otherwise xGn=>x = l=> to _1 g P => to"1 = 1 would have been

cancelled already). Now wJ a Ll(X)Ll = Ll(X), contrary to hypothesis. Thus

Txo--1 lies outside of the conjugated subgroups, so no stable letter reduction can

occur in L, and Britton's Lemma implies r =£ 1 in G. Furthermore, if some generator

of the form bT or cT occurs in L, then T G G again by Britton's Lemma, proving

n n (X) = 1 also.

To prove (4.9) with X in place of X, let a g n and L g (X). Put L = xx^x2

■ ■ ■ x„2;,"x„+1, where 2) = fc±x, ci1, t, g T, 1 # x; g <x> for 1 </< n (possibly

x,, x„ + 1 = 1). To show ar g n <=> a and L commute, we use the same argument as

in the proof of (4.10), but we have stable letter reductions to contend with. WLOG

r £ ( X) and we have

ar= ■■■(Tf%-1T1)x1-1ax1(T1-%T1)-...
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If aV| G n, then d = TjXfVjx^f1 G II also and we must check that d lies outside

of the conjugated subgroups (w)P. Put x = TjX^f1 g (Af) since II normalizes

(X). We have d = x~1txot{1x = trx, well. So, d G (w)P would imply <ax G

(w)P - P, contrary to hypothesis. So ar = • • • 2,[ldl,x • ■ • is reduced and ar G G

by Britton's Lemma. So we can assume a"1 e n. Hence aXl = a by (4.9). If

t/ = txotx1 G P, then d G (w)P (otherwise (w) n II # 1) and hence aT G G as

before; if ¿ g P, then x1t1'121Ti commutes with a since 2: centralizes P. The proof

is now completed by induction on the length of L.   D

It now remains to use Lemma (4.8) to construct X < N = \J{^G(Lls)\s g P(I)}

satisfying (4.3), (4.4) and (4.5). We construct Af inductively. Let {(y,, z,, s(i))\i > 0}

be a list of U{C, X Ç, X {s}|î g P(I)}, where Ç, = ^(nj. Let LI a F a M, F

f.g., be an effective embedding. Suppose that after i steps of the construction we

have found x0,... ,x3,_ x g Af such that

(a) Xj = (xq,. .. ,x3i_x\a g II} freely generates (X¡) in A/,

(b) for all 0 </ < /, x3-, x3y+1 and x3j+2 centralize Lls(J),

(c) for all 0 < / < i, if y G < A}), then

z, = (x3^)^ (x^) — ,

(d) (A-,) n n = 1 (note that X0 = 0, < *„> = 1),

(e) for all a g II and x g (X¡), o*'a LI iff a and x commute, and

(f) II( A1,) has a solvable word problem with respect to the generators II U X¡.

Notice that if this construction can be continued to obtain X = [x°\j ^ 0,

a g n} satisfying (a)-(c) for all ¿ > 0, then (4.3)-(4.5) follow.

To obtain the next triple x = (x3,, x3/ + 1, x3, + 2), we use Lemma (4.8). If y, G (X¡),

put x = (x0, x0, x0). Otherwise, let G, = (G,, a, b, c; a, b, and c centralize IIJ(/) and

2, = (ayi)h(ay,Y), where G, = (F, x0,... ,x3i_x,y0,... ,y„ z,> c Af. To apply Lemma

(4.8), we view G, as constructed from G, in 3 steps: (1) G,' = (G,, a; a centralizes

P = nï(()); (2) G," = (G/, u, v; u and v centralize P and z, = «u); (3) G, = (G", ¿>, c;

b and c centralize P, (ay,-)ft = m, and (oy,)' = f). To apply Lemma (4.8), note: In

(4.10), G, is G, AT, is A^, and G,' is G; in (4.11), G[ is G, Af, U {a°|a £ IL},is X, and

G," is G; in (4.12), G," is G, t = ay, Xt U {a°\o a LI} is A^, G,, is G, and Af, U

{öa, b", c°\o g n} is A7. Putting Xl = X, U {a°, ¿°, c> g H} ç G„ the conclu-

sions of (4.12) are

(i) Xi freely generates (A,) in G,,

(iiXÂ7,) n n = linG„and

(iii) for ail a g u and x g ( A-,), aA g n iff a and x commute.

Note that G, is recursively presented over the f.g. G, c M. We need to observe that

there are elements x of Af which, when corresponded with (a, b,c) respectively,

satisfy the relations of G, as well as (i)-(iii) (which hold in G,). We can choose x so

that any given recursively enumerable set of equations and inequations which hold

in G, are satisfied also in (G,, x) c Af.

So, we will restate (i)-(iii) as a recursive set of inequations. We have

(i) «* (x =h l|x is a nonempty freely reduced word on Af,},

(ii) » [xa # 1|1 # x g (A7,) and a g II}, and

(iii) <=> (o'V # l|a, 77 G n, x g (Af), and a and x do not commute}.
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These sets will be recursive provided II(Af,) c G, has a solvable word problem

with respect to its natural generators n u Af. This fact is also needed to permit us to

embed n( Af,-) isomorphically in (G,, x) in order to meet the inductive hypothesis (f)

of the next step. Now,

U(xi) = U((Xi)*(a0, b°,c°\o^ LI))

and n normalizes both of these free factors. Hence, Ll(X¡) will have a solvable word

problem provided II(a0, b", c°\a g n) does, and to prove this we need only to be

able to decide, given w" and wT with a, t g II and w = a, b, or c, whether or not

w" = wT (i.e., we must be able to distinguish free generators). By our constructions

(1), (2), and (3) above (as in Lemma (4.8)), we have w" = wT in G, <=> ar'1 g P =

Lls(i) which has a solvable decision problem in n by the hypothesis of Theorem (4.0)

and the proof of this theorem is now complete.

Added in proof. Graham Higman has pointed out an interesting example of a

maximal subgroup. Let F a G where G is a.c. and F is free abelian of rank n. Put

M = (x g G\F n Fx has rank n). Thus Af is a maximal subgroup of G, Af G

Jt(F, G), and M is obtained from the subgroup filter LI = [P\P a F and P has

rank n} of F in the manner of our Theorem (1.30), but II cannot be replaced by any

subgroup ultrafilter of F if « > 1. (Only the case n = 1 is discussed in [3, Proposition

1].) Higman also observes that with C = U{#C(P)|P g II} we have M/C =

GL„(ß).
Very recently on a visit to M.S.U. Higman encouraged the author to examine the

permutational aspects of maximal subgroups of a.c. groups. A little reflection

uncovered an interesting situation. The permutational analysis of naturally occurring

maximals (that is, Type 1, Type 2a, and the natural Type 2b of (1.4)) is quite

difficult, as Higman has noted, just to verify primitivity. However, in a countable

a.c. group G we can construct a free maximal subgroup F a G such that the

representation of G on the right cosets of F has a rather strong homogeneity

property defined as follows. If 2 is a class of f.g. subgroups of G and p: G ^ Sym( X)

is a permutation representation we say that p is relatively ^-homogeneous if for all

A a G with A G 2 and every p(/4)-isomorphism / among finitely many orbits of

p(A) there exists g G ^(A) such that p(g) extends/. Taking A = 1 shows that p is

highly transitive if it is relatively 2-homogeneous. Otto Kegel [Examples of highly

transitive permutation groups, Rend. Sem. Mat. Univ. Padova 63 (1980), 295-300]

has shown that the countable universal l.f. group has a relatively homogeneous

representation (with respect to all finite subgroups). For countable a.c. groups we

can do almost as well.

Theorem. Every countable a.c. group G =f= 1 has a free subgroup F such that the

regular representation p(G) on the right cosets of F is relatively homogeneous with

respect to the class 2 of allf. g. periodic subgroups of G.

The construction of F with this property is similar to and not much more difficult

than the proof of Theorem (4.1). It should be noted that Kegel's proof, which uses

coset-induced permutation extensions, does not seem applicable to arbitrary counta-

ble a.c. groups because one cannot effectively construct the transversals in Sk(G)
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that one needs to extend the representations of its members. I have not yet

determined whether the above theorem can be extended via Ziegler's construction as

in §4 to produce F a G oí arbitrary powers with the same homogeneity property,

but this seems very likely. The above theorem as well as a discussion of homoge-

neous permutation representations in a wider context will be presented in a paper

that is now in preparation.
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